Motivated by the recent experiments of Vallee et al. [IEEE J. Quantum Electron. QE-19, 1331], we formulate the theory of the four-photon resonant VUV generation in a media that is positively dispersive. Dispersion characteristics of the medium change as the refractive index becomes intensity dependent. The phase-matching conditions for the third-harmonic generation through a five-photon process are derived. The blue shifts as observed by Vallee et al. are explained as due to the interaction of generated VUV via a two-photon process. Finally the renormalization of the fifth-order polarization due to the generated fields is also considered.
INTRODUCTION

Multiphoton excitation and nonlinear mixing in atomic vapors
have become standard methods of producing VUV radiation over a range of frequencies. Much of the experimental work has used the VUV generation via a X(3) proce~s. 1 The theoretical framework for such studies is well established. Recently Valle et al. 2 demonstrated how the higher-order nonlinear process involving six-wave mixing can be used to produce VUV radiation in a positively dispersive medium. This experiment is important from several viewpoints-it shows (1) how to isolate the effects due to the X(5) process; (2) how the resonant four-photon process can lead to VUV generation;
and (3) the reabsorption of the generated VUV, which could lead to blue shifts. The last aspect is especially significant. It may be added that the interference effects and the reabsorption of the generated VUV were the key to the understanding of the disappearance of the resonant multiphoton ionization signal in Xe gas at high pressures. 3 -7 Interference effects in other vapors have also been demonstrated. Normand et al. 3 used different transitions in Hg to study the enhancement of third-harmonic generation by both threephoton and four-photon resonance. Another quantity worth investigating in this system is fluorescence or ionization following resonant four-photon excitation. This quantity should exhibit the effect of interference that is due to two channels.
The organization of this paper is as follows: In Section 2 we examine the phase-matching conditions for the generation of VUV through a fifth-order process described by X (5) (, w, W, W, -) assuming that the incident beam has Gaussian shape. Analytic result for the phase-matching condition in the tight focusing limit is given. Efficient VUV generation is shown to take place in the negatively dispersive medium. In Section 3 we present a general theory of the four-photon resonant VUV generation. The formulation incorporates the effect of the VUV through a resonant two-photon process. In section 4 we discuss the application of the formalism of Sec--tion 3 to the recent experiments of Vallee et al. A remarkable result that emerges from our formulation is the possibility of the change in the dispersion characteristic of the medium due to the reaction of VUV photons. Finally, in Section 5 we present general considerations that lead to the renormalization of the generated polarization that is due to the reabsorption of the VUV. In particular we show how the X (5) process is renormalized owing to lower-order processes described by x(1) and X( 3 )-
PHASE-MATCHING CONSIDERATIONS FOR THE VUV GENERATION THROUGH X(5)
In this section we consider the generation of the VUV radiation at 3w that is due to the fifth-order nonlinearity of the medium, i.e., we examine for simplicity the generation that is due to the process w + w + w + w -w. We calculate in detail'the phase-matching conditions for the efficient generation through the X(5) process assuming that the beam at c has the Gaussian form, 8 i.e., we take the incident field as E = exp(ikz -it) + c.c., (2.1) where
Here : = 2(z -)/b, b = (2ir/X)&o 2 and Ao is the beam waist.
For simplicity, we ignore the vector character of the fields. The induced polarization due to the fifth-order process mentioned above will be 
The phase matching depends on the poles in the integrand of Eqs. (2.12) and (2.14). Since the nature of the poles in the two cases is different, it is obvious that the phase-matching conditions for the generation through the X(3) and X(5) processes will be different.
In In the limit b -0, the integral I becomes
which on using methods of contour integration reduces to whose integral is ev~, q =47rcoV
Ak =kV -3k. The integral in Eq. (2.12) is to be evaluated numerically. The structure Eq. (2.12) of the generated field via X(5) is to be compared with the one generated via the X(3) process 9 :
On using Eq. (2.17) and (2.18), we find that in the tight focusing limit F is given by An interesting point that emerges from the above study is that the non-phase-matched VUV generation through the X (5) process is possible in a positively dispersive medium, i.e., for the case Ak b > 0. This is in contrast to the VUV generation through the X( 3 ) process, which in the tight focusing limit is possible only in the negatively dispersive medium. 9 Our result, Eq. (2.23), concerning the position of the maximum of F is also in contrast to that mentioned in Ref.
1. It also turns out (see Fig. 1 ) that the values of F in the negatively dispersive region Akb < 0 are generally much higher than in the region Akb > 0, leading to the result that the efficient VUV generation through the X(5) process also occurs in the negatively dispersive medium. In Fig. 1 , we also display the results, outside the tight focusing limit, obtained by using fast-Fourier-transformation technique. For finite b/L, L being the length of the sample, the maximum shifts toward the origin and the values in the region Akb > 0 also start becoming significant.
THEORY OF FOUR-PHOTON RESONANT VUV GENERATION WITH BACKREACTION OF THE GENERATED VUV
In Section 2 we have seen that VUV generation through a fifth-order process W + W + W + W -w = 3W is significant only in the negatively dispersive medium. However, in the negatively dispersive media even the VUV generation through X + W + co = 3W is significant. Thus in a medium with negative dispersion the process X( 3 ) will dominate, and there is little chance for observing the X(5) process unless there is resonant enhancement of the X(5) process. In the experiment of Vallee et al., four-photon resonant enhancement of X(5), coupled with the positive dispersion of the medium, was used to observe VUV generation through the X(5) process. The observation of Vallee et al. suggests that the backreaction of the generated VUV must be significant, for they found that the excitation spectrum of the generated VUV was considerably blue shifted even when the Xe medium was made positively dispersive by the addition of Ar. Again it should be borne in mind that one has to have a situation in which the VUV generation through the third-order process W + W + W -> 3W is kept to the minimum, and thus one has to avoid the resonance of 3W radiation with the atomic medium. Of course if this resonance is avoided, then at first sight it would appear that the backreaction of the generated 3W (i.e., absorption of 3co) will be insignificant. We will, however, show that the absorption of the generated 3W is significant through the two-photon process 3W + co with the atom going to the excited state I e), which is four-photon resonant with the initial I i) (ground) state. We will show that the two-photon process has two effects: (1) it modifies the dispersive properties of the medium through the intensity-dependent refractive index, which as we will see is crucial in determining the efficiency of VUV generation through the X(5) process, and (2) The in- As mentioned above, we have to take into account the reabsorption of 3W via a two-photon process through intermediate states Ij). This two-photon absorption is described by H 2 : Thus the induced polarization at 3W will be calculated only to first order in the index M. In first order in M, the relevant density matrix equations in rotating-wave approximation are found to be
n where we have also introduced the decay constants rij associated with the off-diagonal element Pij In obtaining Eqs.
(3.5)-(3.7) we have also used the fact that the generated field ev is of first order in M. Steady-state solutions of these equations are easily found. For example,
The induced polarization at 3 will be (3.10), we write the induced polarization in the form
where The Im a corresponds to the dispersion of the wave in the medium. It determines the phase mismatch and is respon- 
(3.18)
The generated field intensity will be where we have put +iI3 = 0. The dependence of Iv on the excitation frequency and other system parameters will be examined in Section 4. Note that if Re a = 0, then Iv is maximum when Im a = 0.
We close this section by examining the population distribution in the state I e). This population distribution determines, among other things, ionization from I e) by another laser. We thus will be able to answer questions regarding the influence of the backreaction of the VUV on the ionization. In the foregoing analysis we have ignored the saturation effects. However, if the saturation effects become important, then the underlying density matrix equations given in Appendix A are to be used.
EXCITATION SPECTRUM OF THE GENERATED VUV
In this section we examine in detail the frequency dependence of Eq. 
where 3' represent the Stark-shifted detuning parameter
and /3 represents the rest of the terms on the right-hand side of expression (4.2). For making an order-of-magnitude estimate, we take 's to be real, and thus we can write
Ra=67rWn " el 2E Other parameters are given in the text. For clarity the curve for n = 2 10'5 is shifted parallel to the axis.
can indeed be negative. We use dij -eao, ao being Bohr radius, and replace Wjg -3W by an optical frequency so that the positive dispersion may be determined by These estimates are rather crude as determined by atomic parameters. It is well established that Xe at high pressures forms strong diatomic molecules in its excited states. The parameters y and : in particular should therefore be strongly influenced by the contribution from the diatomic potential curves for some of the excited levels of Xe 2 . A detailed analysis for a Xe experiment could not be attempted here because of nonavailability of relevant data. Our analysis shows that the dispersive character of the medium changes from positive to negative because of the intensity-dependent changes in refractive index. We have already seen in Section 2 that the phase-matching conditions really require the medium to be sufficiently negatively dispersive so that efficient generation of VUV takes place. From the above analysis leading to negative values of 6, it is evident that the peak of Iv will be blue shifted, i.e., W will be on the higher side from the Stark-shifted resonant frequency 4 [We - 
Using the formulas of Section 3 and the phase-matching conditions of Section 2, we have thus been able to explain the observed behavior of the VUV generated through the X(5) process in a positively dispersive medium.
We conclude this section by examining the behavior of the intensity Iv as given by Eq. (3.19) as a function of 6 for various densities of the atomic system. The density appears through a. The collisional parameter rei is also density dependent.
We show in Fig. 3 Note that the excitation spectra are all centered at 6' = 0 rather than blue shifted. This is because of the plane-wave approximation used in obtaining these results.
RENORMALIZATION OF THE X(5) PROCESS
DUE TO x(l) AND x(
In this section we present general considerations that are model independent and that show the net effect of the backreaction of the generated VUV. These considerations are somewhat similar to those used by Wynne 5 and Jackson and Wynne, 6 although the spirit is quite different as we are dealing with excitations near four-photon resonance. According to the microscopic theory the induced polarization in a system with inversion symmetry can be written as In a dilute system, the field e is the incident field. However, in a dense medium it is well known that the field acting on a molecule or atom is not the incident field but the local field. The local field takes into account the field generated by all other molecules in the system. The local field in turn depends on the induced polarization, and the corrections to the susceptibilities arising from local fields have been studied at great length.1 0 The backreaction of the generated VUV is similar to the local-field problem. The effective field in Eq. (5.1) should be replaced by the sum of the incident field and the field generated, i.e., (5.2) On substituting Eq. (5.2) and using the fact that ev(co) is related to the nonlinear polarization, The new susceptibilities 5's, which take into account the backreaction of the generated VUV, can be calculated from
Eqs. (5.1)-(5.4).
As an application we consider the problem discussed in Section 3. The induced polarization at 3co can be written as P(3co) (1) 
